We exhibit an isomorphism between the fusion algebra of the quantum double of an extraspecial p-group, where p is an odd prime, and the fusion algebra of a twisted quantum double of an elementary abelian group of the same order.
Preliminaries
This article extends [3] to include odd primes. By demonstrating that D(G) and D ω (E) have isomorphic fusion algebras, we provide another family of examples involving (untwisted) quantum doubles of nonabelian groups and twisted quantum doubles of abelian groups with nonabelian cocycles (in the sense of [8] ). The existence of our isomorphism is a special case of a more general theorem in [9] . We give one such isomorphism explicitly in Theorem 4.2 for its potential use in applications (such as [2] , e.g.).
For the entirety of this work, p is an odd prime. Fix to be a primitive p-th root of unity and fix η so that η p = . A delta with two indices will be the usual Kronecker delta. Also, δ x∈A = 1 if x ∈ A, 0 if not. All tensor products are over C unless otherwise noted.
Quantum Double of a Finite Group
Let G be a finite group with identity element 1 G and let e g denote the functional on G given by e g (h) = δ g,h . Then CG * = span{e g | g ∈ G}. The quantum double of a finite group, denoted D(G) = (CG * ⊗ CG, u, ∆, ) is a bialgebra, where (e g ⊗ x) · (e h ⊗ y) = δ g,xhx −1 (e g ⊗ xy)
u(1) = h∈G (e h ⊗ 1 G )
∆ (e g ⊗ x) = h∈G (e h ⊗ x) ⊗ (e h −1 g ⊗ x) , and (e g ⊗ x) = δ g,1 G
for all g, h, x, y ∈ G.
Remark 2.1 D(G) becomes a braided Hopf algebra [6] by adding the antipode, S, and R-matrix given below.
S (e g ⊗ x) = e x −1 ⊗ x
Representations of D(G) are induced from representations of centralizers of G. See [1] , [7] , [5] , or [3] for details. Let K be a conjugacy class of G, g K ∈ K, and let C K = C G (g K ). Assume that C K ¡ G. Let M be an irreducible C K -module with character ξ. Then M (K, ξ) is an irreducible D(G)-module whose character is ξ K , given by
where ξ (r) (x) = ξ(rxr −1 ) and r satisfies g = r −1 g K r.
Example -G Extraspecial
For a definition of extraspecial groups and a catalog of relevant properties, see [3, §A.1] . Let G be an extraspecial p-group with |G| = p 2n+1 . Choose z ∈ Z = Z(G) such that Z = z .
Select an element g K from each conjugacy class K and (right) coset representatives {r K,i } of
We will omit subscripts when they can be determined from context. Note that r i g K r
For each element of Z, we obtain an irreducible representation of D(G) for every irreducible of G. Together, these elements account for p · p 2n one-dimensional and p(p − 1) p n -dimensional irreducible modules. The one-dimensional modules will be denoted M (i, α) for i ∈ Z p and α ∈ G, the set of inequivalent one-dimensional characters of G. Here, i stands for the conjugacy class of z i . The larger modules are M (i, Λ a ), where Λ a is the p n -dimensional irreducible character of
Let K be a noncentral conjugacy class. Then C K affords exactly p(p−1) irreducible representations of dimension p n−1 (on which Z acts nontrivially) and p 2n−1 one-dimensional irreducibles (on which Z acts trivially) [3, Lemma A.2] .
Let C K denote the set of all irreducible characters χ of C K satisfying χ(z) = 1. For n > 1,
for some a ∈ Z * p . The p − 1 such irreducible representations will be denoted as ρ K,a,γ , where
For consistency, we must have ρ K,a,γ (g K ) = γη ad id. Since the conjugacy class will be clear from context, we let λ a,γ denote the character associated to ρ K,a,γ . The following lemma will help in calculations.
Lemma 2.2 Let K be a noncentral conjugacy class of G, and let g
where the last equality follows from the scalar actions of z and g K . P.
We have established the following. •
which is itself a conjugacy class for extraspecial G. 
Proof:
1-4. These cases follow directly from the decomposition of irreducible representations of G.
The only nonzero contribution to the trace
The only nonzero contribution to the trace occurs when g = z i . So,
7. Tr (e g K ⊗ z) = p n a and Tr (e g K ⊗ g K ) = 0. Hence M (K, λ a,ν ) must occur exactly once in the decomposition for each ν. Cases 8 and 9 are similar.
We get a nonzero contribution to the trace for every g ∈ K. So Tr (e z i ⊗ x) = pχ(x)ψ(x), which means that the tensor product module decomposes into precisely those p M (i, α) for which the restriction of α
Cases 11, 12, and 13 are obtained by considering Tr (e z i ⊗ z) and Tr (e z i ⊗ g K ).
14.
We get a nonzero contribution to the trace for every g ∈ K. Thus Tr
15 and 16 are similar.
17-18. Consider the conjugacy classes K i , where i ∈ Z p . Note that each g K i belongs to the (abelian) supgroup generated by z and
and
which implies that j(k + 1) + b + ck ≡ 0 mod p.
we get a nonzero contribution to the
Now, if a 2 = ka 1 , then the epsilon factor drops out, leaving
which implies case 17. On the other hand, if a 2 = ka 1 , then (since k+1 = 0) Tr (e g J ⊗ g J ) = 0, which implies case 18.
Let
We get a nonzero contribution to the trace for each g ∈ K. So Tr (e g KL ⊗ x) = pχ(x)ψ(x). There are exactly p representations ρ of C KL for which Res Q ρ = Res Q χ ⊗ Res Q ψ.
20-22. These cases follow from the fact that Tr
(e g KL ⊗ g K ) = Tr (e g KL ⊗ g L ) = 0 [3, Lemma A.4].
P 3 Twisted Quantum Double of a Finite Group
Let G be a finite group and let ω ∈ Z 3 (G, C * ). Without loss of generality, we choose ω to be normalized. The twisted quantum double of G, D ω (G) = (CG * ⊗ CG, u, ∆, , Φ) is a quasibialgebra with structure maps given below. The maps u and are the same as in the untwisted case.
where
for all g, h, x, y ∈ G. Notice that if ω ≡ 1, then we recover the definition of D(G). It is well known that the fusion algebra of D ω (G) depends only on G and the cohomology class 
Example -E Elementary Abelian
Let E be an elementary abelian p-group with |E| = p 2n+1 and let θ ∈ Z 2 (E, C * ). Projective θ-representations of E are in one-to-one correspondence with (linear) representations of X, a central extension of E by C * with associated 2-cocycle θ.
Let θ / ∈ B 2 (E, C * ) and let X be defined by the short exact sequence
By [3, Theorem A.5] , there exists a subgroup F = π(Z(X)) E and an extraspecial p-group G such that
where the central product identifies the subgroup {ν ∈ C * | ν p = 1} with the center of G via the isomorphism → z for fixed z ∈ Z(G). Note that |F | · |G| = p|E|.
Let ψ be an irreducible θ-representation of E and let Ψ be the associated linear represen-
We have just shown the following.
. Then all irreducible θ-representations have the same dimension. Indeed,
We now identify F with its isomorphic copy (as a direct summand) in X. Proof: This was proved in [3] for p = 2, but much of that proof holds here. In particular, the two sets in question still have the same cardinality. We will show that R is surjective.
Choose β ∈ F and recall Λ 1 :
The choice of Λ 1 guarantees that Ψ β,Λ 1 respects the central product identification. Furthermore,
Hence Ψ β,Λ 1 is a linear representation of X. Moreover Ψ β,Λ 1 is irreducible because Λ 1 is. So, there exists ψ, an irreducible θ-representation of E corresponding to Ψ β,Λ 1 . Thus, R(ψ) = 
for all r, s, t ∈ E. Since ω is trilinear, it is a 3-cocycle on E. Note that ω is normalized.
Lemma 3.4 Pick r ∈ E. Let X be a central extension of E (= π(X)) by C * with 2-cocycle θ r and let F r = π(Z(X)).
1. If r = 0, then F r = E.
If r ∈ H \ {0}
, then F r = r ⊥ (⊆ H).
If r /
∈ H, then F r = span{r}.
Proof: Note that s ∈ F r if and only if θ r (s, t) = θ r (t, s) for all t ∈ E. Direct calculation gives θ r (s, t) θ r (t, s) = r 0 s,t +s 0 t,r +t 0 r,s .
Here, a, b = P H (a), P H (b) , where P H is orthogonal projection onto H.
1. Assume r = 0. Then r 0 s, t + s 0 t, r + t 0 r, s ≡ 0 for all s, t ∈ E. So F r = E.
2.
Assume r ∈ H, r = 0. Let s ∈ F r and pick t ∈ H, t / ∈ r ⊥ . Then s 0 t, r = 0, implying s ∈ H. So we have t 0 r, s = 0 for all t ∈ E. Thus s ∈ r ⊥ . Conversely, pick s ∈ r ⊥ . Then
3. Assume r / ∈ H. Then r 0 = 0. Let s ∈ F r and pick t ∈ H. Then 0 = r 0 s, t + s 0 t, r = r 0 s, t − s 0 r, t = r 0 s − s 0 r, t .
Since t was arbitrary, r 0 P H (s) = s 0 P H (r), implying s = s 0 r 0 r. Thus s ∈ span{r}. Conversely, let s = ar for some a ∈ Z p . Then we have r 0 ar, t + ar 0 t, r + t 0 r, ar = ar 0 r, t − ar 0 r, t + at 0 r, r ≡ 0 for all t ∈ E. Thus F r = span{r}. P Lemma 3.5 Let r ∈ E, k ∈ N. If ρ is a θ r -representation of E, then
Moreover, ρ(r) = µ id, where µ p = 1. • N (0, β) of dimension 1 for β ∈ E
• N (h, ψ) of dimension p for h ∈ H, h = 0, and ψ ∈ h ⊥
• N (t, µ) of dimension p n for t / ∈ H and µ p = 1 P Theorem 3.7 The fusion rules of D ω (E) are given explicitly in the following formulas. Below, h 1 and h 2 are linearly independent, as are t 1 and t 2 . Let k ∈ Z * p with k = −1.
. The only term with nonzero trace occurs when g = 0. So Tr (e 0 ⊗ x) = β 1 (x)β 2 (x). Cases 2 and 3 are similar.
∆ (e
. The only term with nonzero trace occurs when g = h. So Tr (e 0 ⊗ x) = pfor x, h ∈ H. Therefore, the tensor product module must decompose into precisely those
exactly p 2 distinct such β ∈ E. Cases 5 and 6 are similar.
7. ∆ (e h+t ⊗ (h + t)) = g∈E γ h+t (g, −g + h + t) (e g ⊗ (h + t)) ⊗ (e −g+h+t ⊗ (h + t)). Again, the only term with nonzero trace occurs when g = h. So Tr (e h+t ⊗ (h + t)) = p n+1 γ h+t (h, t)ψ(h+ t)µ = 0 because h+t / ∈ H. Since h+t acts as a scalar p-th root of unity in each N (h+t, ν),
we must have each one appearing once to guarantee a trace of zero. Cases 10 and 11 are similar because the linear independence of t 1 and t 2 guarantees that F t 1 ∩ F t 2 = 1.
. The only term with nonzero trace occurs when g = t. Note that if t acts as the scalar µ, then −t acts as µ −1 ω(t, t, t) −1 by Lemma 3.5. Hence, if x = t, then the trace is
Moreover, Tr (e 0 ⊗ x) = 0 if x / ∈ span{t}. So we must have every N (0, β) appearing in
The only term with nonzero trace occurs when g = t. Using Lemma 3.5, we can determine how (k + 1)t acts on each tensor factor.
ω(kt, kt, kt)
Therefore, the tensor product module must decompose into p n copies of N ((k+1)t, µ
).
P 4 An Explicit Fusion Algebra Isomorphism
For the remainder of this work, G will denote an extraspecial p-group with |G| = p 2n+1 and E an elementary abelian group with |E| = |G|. Pick H ≤ E of index p and fix t ∈ E \ H. Both G/Z and H admit nondegenerate symplectic forms as Z p -spaces. Choose the form on G/Z given in 
Let i ∈ Z p . If α ∈ G, then define α i to be the representation of E arising from the
Pick ω ∈ Z 3 (E, C * ) as in (1) . Then D(G) and D ω (E) have the same number of onedimensional, p-dimensional, and p n -dimensional modules, respectively. Let F be the map from the irreducibles of D(G) to the irreducibles of D ω (E) such that
Lemma 4.1 F is a bijection.
Proof: Recall the three types of D ω (E)-modules given in Lemma 3.6. Pick β ∈ E. Using (2),
Now pick h ∈ H and ψ ∈ h ⊥ . Let K denote the conjugacy class of G that satisfies φ(K) = h.
Then we have
From (3) and (5), modules of type N (at + h, µ) are also in the image of F for all a ∈ Z * p , h ∈ H. Hence F is a bijection. P Theorem 4.2 F extends to an isomorphism of fusion algebras.
Proof: We can extend F additively on the irreducible elements in order to obtain a bijection from the fusion algebra of D(G) to that of D ω (E). We now show that F preserves the tensor product multiplication, using the fusion rule numbering from Theorem 2.4. Most of the proof involves straightforward checking and so will be omitted. A few of the less clear rules are shown below.
1.
Note that
10.
N (0, β) N (0, β) .
17. ). ).
18.
F M (K, λ a 1 ,γ 1 ) ⊗ F M (K k , λ a 2 ,γ 2 ) = N (a 1 t + φ(K), γ 1 ) ⊗ N (a 2 t + kφ(K), γ 2 ) = ν p =1 p n−1 · N ((a 1 + a 2 )t + (k + 1)φ(K), ν).
Therefore, F is a homomorphism. Together with Lemma 4.1, this implies that F is an isomorphism of fusion algebras. P
Appendix -Fusion Rules for Extraspecial Groups
Let G be an extraspecial p-group. Fix z ∈ G so that z = Z(G)( ∼ = Z p ). Recall that |G| = p 2n+1 for some positive integer n and that G/G ∼ = Z The fusion rules of G are given by the following and hold for all α, β ∈ G, and i, j ∈ Z p .
• α ⊗ β = αβ
Note that these rules hold even if p = 2; the rule with multiplicity p would not occur.
